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Abstract 

A Cartan manifold is a smooth manifold M whose slit cotangent bundle T*Mq is 
endowed with a regular Hamiltonian K which is positively homogeneous of degree 2 in 
momenta. The Hamiltonian K defines a (pseudo)-Riemannian metric gij in the vertical 
bundle over T'Mo and using it a Sasaki type metric on T* Mq is constructed. A natural 
almost complex structure is also defined by K on T* Mo in such a way that pairing it 
with the Sasaki type metric an almost Kahler structure is obtained. In this paper we 
deform gij to a pseudo-Riemannian metric dj and we define a corresponding almost 
complex Kahler structure. We determine the Levi-Civita connection of G and compute 
all the components of its curvature. Then we prove that if the structure {T* Mo, G, J) is 
Kahler- Einstein, then the Cartan structure given by K reduce to a Riemannian oneQ 

Keywords: Cartan space, Kahler structure, symmetric space, Einstein manifold, 
Laplace operator, Divergence, Gradient. 

1 Introduction 

E. Cartan has originally introduced a Cartan space, which is considered as dual of Finsler 
space jS]. Then H. Rund [M], F. Brickell [7] and others studied the relation between these 
two spaces. The theory of Hamilton spaces was introduced and studied by R. Miron ([19]. 
PP]). He proved that Cartan space is a particular case of Hamilton space. Indeed the 
geometry of regular Hamiltonians as smooth functions on the cotangent bundle is due to R. 
Miron and it is now systematically described in the monograph [T?j. 

Let us denote the Hamiltonian structure on a manifold M by (M, H{x,p)). If the funda- 
mental function H{x,p) is 2-homogeneous on the fibres of the cotangent bundle {T*M, M), 
then the notion of Cartan space is obtained. The modern formulation of the notion of Car- 
tan spaces is due of the R. Miron [16], [17], [18]. Based on the studies of E. Cartan, A. 
Kawaguchi [TT], R- Miron [H], [IT], [H], S. Vacaru [301 [HI [32], D. Hrimiuc and H. Shimada 
[S], [lU], P.L. Antonelh and M. Anastasiei pi, [3] [H], [H], etc., the geometry of Cartan 
spaces is today an important chapter of differential geometry. 

Under Legendre transformation, the Cartan spaces appear as dual of the Finsler spaces 
[191 . It is remarkable that regular Lagrangian which is 2-homogeneous in velocities is nothing 
but the square of a fundamental Finsler function and its geometry is Finsler geometry. This 
geometry was developed since 1918 by P. Finsler, E. Cartan, L. Berwald, H. Akbar-Zadeh 
and many others, see [I] [5 [H] [IS] [15] . Using this duality several important results in the 
Cartan spaces can be obtained: the canonical nonlinear connection, the canonical metrical 
connection, the notion of (a, /3)-metrics, etc [2]. Therefore, the theory of Cartan spaces 
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has the same symmetry and beauty Hke Finsler geometry. Moreover, it gives a geometrical 
framework for the Hamiltonian theory of Mechanics or Physical fields. 

Let {M,K) be a Cartan space on a manifold M and put r := \K^. Let us define 
the symmetric Af -tensor field :— ^Qij + ^^^PiPj on slit cotangent bundle T*AIo '■= 
T*M — {0}, where v = v{t) is a real valued smooth function defined on [0,cx)) C K and a 
and /? are real constants. Using this, we can define a Riemannian metric and almost complex 
structure on T*Mq as follows 

G = Gijdx^dx^ + G^'SpiSpj, 

where G*^ is the inverse of Gij . 

In this paper, we prove that (r*A/o,G, J) is an almost Kahlerian manifold. Then we 
show that the almost complex structure J on T*Mq is integrable if and only if M has 
constant scalar curvature c and the function v is given by v = —ca0^. We conclude that 
on a Cartan manifold M of negative constant flag curvature, (r*Mo, G, J) has a Kahlerian 
structure. For Cartan manifolds of positive constant flag curvature, we show that the tube 
around the zero section has a Kahlerian structure (see Theorem 13. 5p . 

Then we find the Levi-Civita connection V of the metric G. For the connection V, we 
compute all of components curvature. For a Cartan space (M, K) of constant curvature c, 
we prove that in the following cases (M, K) reduce to a Riemannian space: (i) for c < 0, 
{T* Mq,G, J) bacame a Kahler Einstein manifold, (ii) for c > 0, {T'pMo,G, J) became a 
Kahler Einstein manifold, where T^Mq the tube around the zero section in T*M, defined by 
the condition 2t < It result that, there is not any non- Riemannian Cartan structure 
such that {T* Mq, G, J) became a Einstein manifold. 

Finally we define divergence, gradient and Laplace operators on the Cartan manifold 
(M, K) with Berwald connection. Let (M, K) be a Cartan space with Berwald connection, 
S — p^Si is the geodesic spray of {AI,K), X — X^Si + Xid^ and g :— det{gij). We show 
that div{X) = if and only if the mean Landsberg curvature of K satisfies Ji = 5i{\n^). 
We define the gradient operator by G{gradf,X) = Xf, VX e x{T*M), f G C°°{TM) 
and prove that the gradient operator is determined by gradf — G^^iy Shf)^i~^Gihiy Qhf)d\ 
The Laplace operator of a scalar field / e C°°{TM), is defined by Af — div{gradf). With 
vanishing the Laplace operator, we prove that div{S) = if and only if X ia a mean 
Landsberg metric. 

2 Preliminaries 

Let M be an n-dimensional C°° manifold and tt* : T*M — > M its cotangent bundle. If (a;*) 
are local coordinates on Af, then {x'^,pi) will be taken as local coordinates on T*M with 
the momenta (pi) provided hy p = pidx^ where p e T*M, x = (a;*) and (da;*) is the natural 
basis of T*M. The indices fc, . . . will run from 1 to n and the Einstein convention on 
summation will be used. 

Put di := ^ and 9* := Let {di,d^) be the natural basis in T(^x p)T*M and {dx^ ,dpi) 
be the dual basis of it. The kernel V^^^p) of the differential dn* : T(^^ p)T*M -> T^AI is called 
the vertical subspace oiTi^^ pyT* M and the mapping {x,p) y(x,p) is a regular distribution 
on T*M called the vertical distribution. This is integrable with the leaves T*M, x G M 
and is locally spanned by 9*. The vector field C* = pid^ is called the Liouville vector field 
and io — pidx^ is called the Liouville 1-form on T* M . Then duj is the canonical symplectic 
structure on T*M. For an easer handling of the geometrical objects on T*M, it is usual to 
consider a supplementary distribution to the vertical distribution, {x,p) — >■ p), called the 
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horizontal distribution and to report all geometrical objects on T* M to the decomposition 

T(,,p)T*Af = A^(,,p)®l^(,,p). (1) 

The pieces produced by the decomposition ([1]) are called rf-geometrical objects (d is for 
distinguished) since their local components behave like geometrical objects on M, although 
they depend on x = (a;*) and momenta p = (pi). 

The horizontal distribution is taken as being locally spanned by the local vector fields 

S,:=d,+N,j{x,p)d^. (2) 

The horizontal distribution is called also a nonlinear connection on T*M and the functions 
(Nij) are calledthe local coefficients of this nonlinear connection. It is important to note that 
any regular Hamiltonian on T*M determines a nonlinear connection whose local coefficients 
verify TVy = Nji. The basis {Si,d^) is adapted to the decomposition ([Ij. The dual of it is 
{dx'^,5Pi), for 5pi = dpi — NjidxK 

A Cartan structure on M is a function K : T*M [0, oo) which has the following 
properties: (i) K is C°° on T*Mo = T*M - {0}; (ii) K{x, Xp) = XK{x,p) for all A > and 
(iii) the nxn matrix where g^^x,p) — ^d^d^ K^{x,p), is positive definite at all points 

of T*Mo. We notice that in fact K{x,p) > 0, whenever p ^ 0. The pair (Af, K) is called a 
Cartan space. Using this notations, let us define 

p' = -d'K^ and C'J'' = --d'd'd'^K^. 
2 4 

The properties of K imply that 

p'^g'^Pj, Pi = 9i3F', (3) 
g'^^PiPj = PiP' = K^, 

C'^'^Pk = C'^'Pk = C^'^Pk = 0. (4) 
One considers the formal Christojfel symbols 

l]k{x,p) := ^^g^'idkgjs + djgsk - dsgjk), (5) 
and the contractions '^ji^{x,p) :— 7jj,(x,p)pi, 7°^ :— 'jji^Pip'^- Then the functions 

N,j{x,p) = J°j{x,p) - ^llo{x,p)d''gij{x,p), (6) 

define a nonlinear connection on T*M. This nonlinear connection was discovered by R. 
Miron |16) . Thus a decomposition ^ holds. From now on, we shall use only the nonlinear 
connection given by ([6]). 

A linear connection D on T* M is said to be an N -linear connection if D preserves by 
parallelism the distribution N and V, also we have D9 ~ 0, for 9 ~ 6pi A dx*. One proves 
that an A^- linear connection can be represented in the adapted basis {6i, d^) in the form 

Ds,5.. ^ B'l^S,, Ds,d^^-Bl^d\ (7) 
DsA^V^'Sk. Dg,d^ = ~V^=d\ (8) 

where Vf^'' is a d-tensor field and B^j{x,p) behave like the coefficients of a linear connection 
on M. The functions i^f^ and T^'^-' define operators of /i-covariant and u-covariant derivatives 
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in the algebra of d-tensor fields, denoted by and \'', respectively. For t/'^, these are given 
by following equation 

9''\k = Sk9'' +9''Bl,+g^^Bl„ (9) 

An A^-linear connection given in the adapted basis iS^,^^) as DT{N) = (Bjfc,V,''=) is called 
Berwald connection if 

5^^|,--2i^, g*^|^=-2C^^^ (11) 

where L]^ — Cfc'i^p'' are components of the Landsberg tensor on M (see [5][5]|28| |27|V 

The Berwald connection Br{N) — {d^Njk,0) of the Cartan spaces has the torsions d- 
tensors as follows 

t;, = q, st^Q, vi'^o, p;,^o, (12) 

R^Jk=SkN,J-6JN,k■ (13) 
The d-tensors of curvature of Br{N) are given by 

R]kj = ShB'jk - SkBjf^ + B'j^Blf^ - B^jh^lk (14) 
^fe = d'-B]^ (15) 
Sf^ = (16) 

where B'^^ — d''Njk are the coefficients of the i3r(Af)-connection.It has also the following 
properties 

= 5jK^ = 0, if^P^ 2p>, (17) 

P^b-=pf, =0, p^=5l pr=9'', Rk^P^'^O (18) 
Sigjk = B'l^9sk + Bl^gjs- (19) 

3 Kahler Structures on Cotangent Bundle 

Suppose that 

t:=\k^ = \g''{x,p)p,p,. (20) 

We consider a real valued smooth function v defined on [0,oo) C M and real constants a 
and /3. We define the following symmetric Af-tensor field of type (0,2) on T*Mo having the 
components 

1 v{t) 

Gtj ■■= ^9t3 + -^PtPj- (21) 

It follows easily that the matrix (Gy ) is positive definite if and only if a, /3 > 0, a+2Tv > 0. 
The inverse of this matrix has the entries 

Gki^^gki_^!l^pkpi_ (22) 



The components G define symmetric M-tensor field of type (0,2) on T*Mq. It is easy to 
see that if the matrix (Gij) is positive definite, then matrix (G'^') is positive definite too. 
Using {Gij) and (G*-'), the following Riemannian metric on T*Mo is defined 



G = Gijdx'dx' + G'^Sp^Spj. (23) 
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Now, we define an almost complex structure J on T* Mq by 

J{5,) = G,kd\ J{d') = -G'^Sk. (24) 
It is easy to check that = — /. 

Theorem 3.1. [T* Mq,G, J) is an almost Kdhlerian manifold. 

Proof. Since the matrix (G*'') is the inverse of the matrix (Gij), then we have 

G( J<5„ J5,) = G,fcG,,G(a^ d"-) = G,fcG,,G*'''- = G^ = G{S,, 5,). 

The relations 

G(ja\ Jd^) = G((9\a^), G(J(5„ Ja^) = G((5,,a^) = 0, 

may be obtained in a similar way, thus 

G{JX,JY) ^G{X,Y), yX,Y eT{T*Mo). 

It means that G is almost Hermitian with respect to J. The fundamental 2-form associated 
by this almost Kahler structure is 9, defined by 

e{X,Y) ■.^G{X,JY), yX,Y €T{T*Mo). 

Then we get 

e{d\dj) = G{d\J5j) = G{d\Gjkd'') - G^'Gjk = 5], 

and 

Hence, we have 

6* = <5k A dx\ (25) 
that is the canonical symplectic form of T*M . □ 

Here, we study the integrability of the almost complex structure defined by J on TM . 
To do this, we need the following lemma. 

Lemma 3.2. ( [IS] [22 [23] ) Let {M,F) be a Finsler manifold. Then we have: 

(1) [5,,5J]^Rk^J^^, 

(2) [5,,di]^~{d'JN,u)d\ 

(3) [d\d^]=Q. 

Lemma 3.3. Let {M,K) be a Cartan space. Then J is complex structure on T*Mo if and 
only if Akij — and 

V 

Rkij = '^^dikPj - 9jkPi), (26) 

where Akij = S.Gjk - S^Gik + Gird'^N^k - Gjrd^'Nik. 

Proof. Using the definition of the Nijenhuis tensor field Nj of J, that is, 

Nj(X, Y) = [JX, JY] - J[JX, Y] - J[X, JY] - [X, F], VX, Y e T{T*M) 

we get 

Nj{5,, 5j) = Ah,,G''Hk + (A/hj - Rk^J)^\ (27) 
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where Mkij = Gird^Gjk — Gjrd^Gik- Let C^^. :— gjigskC^^^, then we have 

By above equation, we obtain 

2 V v' 2vv't 

G„d^G,k - j,C.,k + ^,{9nPk + g.kP,) + + ^ + ^ 

where Cijk — girCj/.. From (^5]) we get 

V 
0^ 



-^fc'J = 'Zm^SikPj - 9jkPi)- (29) 



By a straightforward computation, it fohows that Nj{d^,d^) = 0,Nj{d'',Sj) — 0, whenever 
Nj{6i,6j) = 0. Therefore, from relations (P7)) and (P^ . we conclude that the necessary 
and sufficient conditions for the Nijenhuis tensor field Nj to vanish, so that J is a complex 
structure, are that Akij = and ipS]) hold. □ 

In equation (j26p . we put — — c, where c is constant. Then we get 

Rkij = c{gjkPi - 5i/cPi)- (30) 

Theorem 3.4. Let (M, K) be a Cartan space of dimension n > 3. Then the almost complex 
structure J on T*AIq is integrable if and only if i3(^) is hold and the function v is given by 

V = -caP^. (31) 

Proof. From equation pi\k — of relation (If 8p . we conclude that 5iPk — Nik- Hence we 
obtain 

Akij = Sigjk - Sjgtk + gird'^Njk - gjrd'^N^k 
= Sigjk - Sjgik + girBji, - g^rBl^. 

= 9jk\i — 9ik\] 

= 2Ljki — 2Likj = (32) 

Now we suppose that v = — cq;/3^. Thus from equation Akij = and Lemma [3.3l we conclude 
that J is integrable if and only if (l30|) is hold. □ 

A Cartan space iC" is of constant scalar curvature c if 

Hh^jkPYX'^X'' - c(.g,yg,fe - ghkg^J)pYX''X'', (33) 

for every (x,p) £ TqM and X — (X^) e T^M. Here Hhijk is the (hh)h-curvature of the 
linear Cartan connection of K"'. We replace Hhijk in (1221) with gisH^ji. and so it reduce to 
following 

PsHl^^p'X'^X'^ c{phPk - K^ghk)X''XK (34) 
By part (ii) of Proposition 5.1 in chapter 7 of 15 , PsHj^jf. — —Rhjk, hence we get 

RhjkP'X'^X'' = c{K^ghk-PhPk)X''X\ 

or equivalently 

Rhjkp' = c{K^ghk - PhPk), (35) 

because {X^) and X'^ are arbitrary vector fields on M. It is easy to check that (I55|l follows 
from (1201) • Similarly can be shown that if Cartan space has the constant scalar curvature 
c, then the equation (|5ni) is hold (see jl2j). 
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Theorem 3.5. Let {M,K) be a Cartan space with constant flag curvature c. Suppose that 
V is given by Then 

(i) for negative constant c, structure (T* Mo,G, J) is a Kdhler manifold; 

(ii) for positive constant c, the tube around the zero section in T* M , defined by the condition 
2r = < , is a Kdhler manifold. 

Proof. The function v must satisfies in tlic following condition 

a + 2Tv^ a{l + 2(-c)/3V) > 0, a, /3 > 0. (36) 
By using the above relation and Theorem 13. 4[ we complete the proof. □ 
By attention to the Theorem 13.51 the components of the Kahler metric G on T*Mq are 

J ^ij — ^9ij ~ c/3piPj, 



(37) 



4 A Kahler Einstein Structure on Cotangent Bundle 

In this section, we study the property of {T*Mo,G) to be Einstein. We find the expression 
of the Levi-Civita connection V of the metric G on T*Mo, then we get the curvature tensor 
field of V. Then, by computing the corresponding traces, we find the components of Ricci 
tensor field of V. 

4.1 The Levi-Civita Connection 

Lemma 4.1. The Levi-Civita connection of the Kdhler metric G are given by following 

Wg,d^ = {f3^L''')6s + i-Gl^ + cPG'^PsW, (38) 
V,,a^ = (Cr - cPG^'p^)5s ~ {Li + Bi^d\ (39) 
= (Cf - cl3G^^p,)Ss - L),d\ (40) 
1 

Proof. Recall that for Cartan space with Berwald connection, the relation B^f, — Nik is 
hold, and so we have [6i, d^] = Bf^^d''. Also the Levi-Civita connection V of the Riemannian 
manifold {T*Mo,G) is obtained from the formula 

2G{WxY, Z) = X{G{Y, Z)) + Y{G{X, Z)) - Z{G{X, Y)) 

+ G{[X, Y], Z) - G{[X, ZIY) - G([y, Z], X), VX, F, Z e r(T*Mo), (42) 

and is characterized by the conditions VG — and T = Q, where T is the torsion tensor of 
V. Let V^.a^' = T^^^'Sh + T'hd'^- Then we get 



Vs,6j = (Mj + Bt^)5s + {-^C,js + cPG,sPi)d'. (41) 



Similarly we obtain 



+ T^^P'^ym"' + i„2,^2^ pV) = fS'g'^Ll (43) 



-d'^W + 1 f PV)](^gfcs - c(3pkPs) = -C^ + cpG^'Ps. (44) 

1 — Zcp^T p 
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Using two above equation, we have 



By a similar way, we obtain 



(gni) and gj). □ 



We say that the vertical distribution VT*Mo is totally geodesic (resp. minimal) in 
TT*Mo if HSI Qid^ = (resp. gijHV Qid^ = 0), where H denotes the horizontal projec- 
tion. Similarly, if we denote by Y the vertical projection, then we say that the horizontal 
distribution HT*Mq is totally geodesic (resp. minimal) in TT*Mq if Wsi^j — (resp. 
g^^VVs^Sj =0). By using 



we obtain 



and 



where J'' is the mean Landsberg tensor. Hence, we have the following. 



(45) 
(46) 



Corollary 4.2. Let {M,K) be a Cartan space with Berwald connection. Then we have 

(i) K is Landsberg metric if and only if the vertical distribution VT*Mo is totally geodesic 
m TT*Mq; 

(ii) K is weakly Landsberg metric if and only if the vertical distribution VT*Mq is minimal 
m TT*Ma. 

Corollary 4.3. The horizontal distribution HT*Mq can not be totally geodesic or minimal 
in TT*Mo. 



Proof. By (HI]), we have 
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If HT*M is totally geodesic, then we have c/SGjsPiP^ = 0. Therefore, we obtain 

cp,ps{l - 2cp\) = 0, 

which can not be true. 



□ 



4.2 The Curvature Tensors 

Theorem 4.4. The coefficients of the curvature tensor of Kdhler metric G as follows 



d^, (47) 



T i T sjk 



- I, - cP'Li'p, - G^suL^^^ + G^Ll^ + Gf^Li^ 



fijs J k 



L 



(48) 



K{S,,S,)Sk 



R^r + ^(C^.fesCf - Qfc.Cf ^) + c^fi^p.S'^ - p,S'l)pk + {Li^Li - LIL%) 
r 1 „ . _ 1 



-i^kjlz 



Lki\j, 



Sh 



+GjhsLli — GihsLjf.) 



-^{Gikh\j 



Gjkh\i) + '2'RsijLl^k + 'p^i^jksLfh ~ CiksLj,^ 

(49) 
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f^sh T k f^sh T k 



(50) 



CI 



h.i 



sk 



5h 



^kh\ ^kh\ 



(51) 



ih 



-cPGkH5l+Ll,Li, + Li^Ll,~L= 



hk\i 



Proof. Recall that the curvature X of V is obtained from the following 

K{X,Y)Z = VxVyZ- VyVx^- V[x,y]^, VX,r,Z e T{TM). 
Using (j53p we have 



By dSHl), it follows that 



+ d\-Cl^ + cpG^^p,)d' + {~Ci^ + cPG'^Ps)VQ.d' 



(52) 

(53) 
(54) 

(55) 



Since phL^i = 0, p'i.^; = p'^L.^, = and d^g'^ = -2C^'^ , then by <^ the following relation 
yields 



+ [-f3^g''^'gnhLiiLT + Ci'^Cl' + P^G^'^G^'psPh 
-cfi^G'^'^Ph + d'i-Gl" + c/3G^■'=p„)]9^ 



(56) 



where L^i^^^ = d^L^^^ . Since 9V = and d'^p^ — g^^ , then we obtain 
cPG^'^'^Ps- c/SG^'^'^Ps + c'lS^&'^G'^phPs - c^l3^G'''&''phPs = 

:(ff^V - g''p' + g'^p' - g'^p') = o. 



(57) 



1 - 2c/32r 

With replace i,j in ([55)1 and setting this equations in ([5^ . also by attention ([57)) . we get 

-CfGi' + P^Li^L^^' - L\^L^=^)]d\ (58) 



Similarly we can obtain the other components of curvature tensor. 



□ 
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Theorem 4.5. Let {M, K) be a Cartan space of constant curvature c and the components of 
the metric G are given by |^7[ ). Then the following are hold if and only if (Af, K) is reduce 
to a Riemannian space. 

(i) for c < 0, {T* Mq, G, J) is a Kdhler Einstein manifold. 

(ii) for c > 0, (TgMo, G, J) is a Kdhler Einstein manifold, where T^Mq the tube around the 
zero section in TM, defined by the condition 2r < 

Proof. Let {M, K) is a Riemannian space. Then C^* and P^'^ are vanish and ifjj, is a function 
of {x^). Therefore reduces to following 

K{5,, 5,)5k = [Rij, + ^p\p^5'^ - P,5l)pk]5s. (59) 

From Proposition 10.2 in chapter 4 of [T5], we have Rkji — —PhRkji- Then we have 

PhRi,, ^ ciskjd'l ~ gk^S^)ph. (60) 
Differentiating ([60]) with respect to Ps and taking p = 0, follows that 

Rl,,^cigkJSt-gk^S^). (61) 
By putting (pT|) in ([5^. one can obtains 



^9kj - cl3pkPj)S'i ~ (-^i 
cl3{GkjSt ~ GmS'j)S,. (62) 



K{di,Sj)Sk = c(i[{-gkj - cf3pkPj)S- ~ {^gki - c/S pkPi)Sj]Ss, 



Also from ([52|). we get 

K{d\S,)Sk^cPG,kSid\ (63) 
From ([5^ and we conclude that 

Rtc{S,,6k) - G"G(if(5„(5,)4,<5ft.) + G,„G(if(a\^,)^fc,a''), 
= c/3(Gfc,<5,f - Gk^S'^)G'''Gsh + c(3GskS}GMG''' 
= cnfiGjk 

= cnpG{5,,5u). (64) 



Similarly from (j58l) and (|48| . respectively, it follows that 

K{d\d^)d^ = c^(GJ'^5^ - G*'^'(5^)a^ (65) 

and 

di)d^ = cPG^'5l5s. (66) 

By using (|S5]) and (155)) . we obtain 

Ric{d\d'') = G^''G(i^((5„a■'■)a^<5/,) + G,,,G(/^(a^9^)9^a'') 

= cl3G^'5{G'^Ghs + cl3{G^''6l - G'''Si)GMG''' 
= cnPG'^ 

= cn/3G((9^a'=). (67) 
From and ([SO)) . we have, respectively 

K{6,, Sj)d'' = {R% + cmMiG'^'psW, (68) 
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and 

K{d\ 5^)8'' = ~cPG'"'5]5s. (69) 
By using (1551) and (15^ . we obtain 

Ric{5j,d^) = G'^G{K{5^,5j)d'' ,5h) + G^hG{K{^\5j)^^ ,d^) = Q. (70) 
From ([ST|). we get 

K{d\&)5k = c/3(G'^<5^ ~ G^'5l)6s. (71) 
By attention to and ([7T]) . one can yields 

ffic(a^^fc) = G*G(i^(5„a^)4,<5ft.) + G,„G(i^(a\ 9^)4,5") = 0. (72) 

From dMl), dSZl), GOI) and ([72]), it follows that Ric{X,Y) ^ cnl3G{X,Y), VX, F e x{T*M). 
This means that {T*M,G) is a Einstein manifold. Conversely, let {i),{ii) are hold. Then 
there exist constant A such that Ric{X,Y) = \G{X,Y). We consider following cases: 

Case (1). If A = (i.e., {T*M,G) is Ricci fiat), then we have Ric{d',d'') = 0. By 
using ([SS]) and (gH]) we get 

PkGMK{d\ a^ )a^ a") = p^.G^^'^^^' - pfcGf + (n - l)c/3pfcG^'= 

and 

G'''G{K{5,,d')d\ 6h) = c/3pfcG^"'= - puCl"-'' + /J^i'^^V 
By using two above equation, it results that 

= pfci^^c(9^ 9^) = cn/3pfcGJ"'= - p^Gf + /^V^'^^'l/.. (73) 
With a simple calculation, one can obtains 

and 

p,Gf = -pf = -5^Gf = -q'' = -I\ (75) 
Pfci''^'|/. = -Pfc|/.i"-''''=0. (76) 
By using ([75| - (|75)) . we obtain 

. 'f' P^ +/^ =0. (77) 
1 — zcp-^r 

Since pj/-' = 0, then by contracting ([77]) with pj, we have ]^^^2c/3V ^ Thus we get /? = 0, 
which is a contradiction. 

Case (2). If A 7^ 0, then we have pkRic{d^ ,d^) = XG^'^Pk- By using (gS]), dSH]), ([711) 
and (|75|) . we obtain 

A 

1 - 2c/32r' 

Contracting (|75)) with yields 



P = iX-cnP) , (78) 



(A-cn/3)^^.0, (79) 

i.e., A = cnp. Thus by ([75]) . we conclude that = 0, i.e., (Af, ii') is reduces to a Riemannian 
space. □ 

Corollary 4.6. There is not any non- Riemannian Cartan structure such that (T* Mq, G, J) 
became a Einstein manifold. 
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5 Divergence, Gradient and Laplace Operators 



The divergence and Laplace operator have a number of appHcations for study various elec- 
tromagnetic, gravitational and diffusion processes. For instance, in general relativity theory 
they are uniquely defined by the Levi-Civita connection for a corresponding fixing of local 
frames of coordinates. Such constructions are naturally generalized on Finsler spaces if we 
work with the Cartan distinguished connection because it is also metric compatible and 
completely defined by the metric structure. Even such a linear connection contains non- 
trivial torsion components (uniquely determined by some prescribed metric and nonlinear 
connection structures), the torsion contribution can be encoded into some divergence terms, 
for instance, in the case of stochastic/diffusion processes. How to define in a unique self- 
consistent form the divergence and Laplace operators, in Finsler-Lagrange and Hamilton- 
Cartan geometries with nonmetricity, without involving the Cartan distinguished connection 
(for instance, for the Chern and/or Berwald distinguished connections) it is an unsolved task 
in modern mathematical physics (see [35], [50]). 

Proposition 5.1. Let (M,K) be a Cartan space with Berwald connection. Then we have, 
div{X^) = 0, div{X") = X'S^iln ^) - X'Ji, (80) 

where X — X^Si + Xid^ and g det{gij). 
Proof. By a simple calculation, we have 

^ G^\CY - c(3G''pj)Gsi + Gjii-Cl' + cPG^'ps)G'^ 
= G'/ ~ cpC'^Ps + cpC'ps ~ Cf = 0, 
div{6,) = G^'G{^ i^^.M) + GjiG{^\b,,d') 

= G^\Ll^ + Bl^)Gsi + G,,(-L:,)G^' 

Let H^-^ are coefficients of Cartan connection. Since i?*^, = H^jk—U-^, then we get div{X^) = 
X'div{d^) = X^Hf^ - X\J,. Then it is easy to check that iJf, = -^^^iV9) = ^^(^^ Vd)- ^ 

Corollary 5.2. Let (M, K) he a Cartan space with Berwald connection. Then div{X) — 
ij and only if Ji — Si (In ^/g) . 

Let us define gradf by 

Gigradf, X) = Xf, VX e x{T*M). 

Then in the adapted frames {(5^,9*}, one can yields 

Gigrad,S,)^dJ = VsJ, 
Gigrad,d')^d'f^V^J. 

Put gradf :— a^di + (3id^. Then from the above equations we have 

a'^G^'^WsJ, f3^^G,h^g,f. 

Therefore we conclude the following. 
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Proposition 5.3. Let (M,K) be a Cartan space with Berwald connection. Then we have 

gradf = G''\WsJ)6, + G,h{^ Q,J)d\ (81) 



The Laplace operator of a scalar field / G C°°{TM), is then defined as 

A/ = div{gradf). (82) 

Then we have 

Theorem 5.4. Let the Riemannian metric G on T*Mq comes from a Cartan space (M, K). 
Then the Laplace operator has the following form 

Af = G^'\VsJ){^SdV9)~J^), feC^{T*M). (83) 

By attention to Theorein l5.41 we conclude that if / be a horizontally constant function, 
then A/ = 0. We have, also 

Corollary 5.5. The Laplace operator A is vanish if and only if Ji = -^Si{y/g) = Si{\ny/g). 

Proposition 5.6. Let the Riemannian metric G on TM is the Kdhler metric with compo- 
nents defined by l^*?] ), which is induced by the Cartan structure K on M . Then we have 

div{Cr) = 0, dw(S') =pM,(ln Vff), AA'^ = 0, 

where S = p^Si is the geodesic spray of{M^K). 

Proof. Since p^Ji — Q and V g.K^ — SiK^ ~ 0, then by using Proposition 15.11 and Theorem 
15.41 the proof will be complete. □ 

Prom above proposition we result that div{S) is zero if and only if 5i[^) = 0. Then by 
Corollarv l5.5l we have the following. 

Theorem 5.7. Let (M, K) be a Cartan space with Berwald connection. Suppose that Laplace 
operator is vanishes. Then div{S) —Q if and only if K ia a mean Landsberg metric. 
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